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Note 
In this note, we consider 2-connected graphs that are finite, undirected, simple 
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Abstract 
Li, N.-Z. and E.G. Whitehead Jr, The chromatic uniqueness of W,,, Discrete Mathematics 104 
(1992) 197-199. 
Xu and Li proved the chromatic uniqueness of wheels on an odd number of vertices. It is 
known that the wheels on six vertices and eight vertices are not chromatically unique. Read 
found that the wheel on ten vertices is chromatically unique by computer computations. Here, 
we sketch a mathematical proof of the chromatic uniqueness of the wheel on ten vertices. 
and loopless. Let V(G) be the vertex set of the graph G and E(G) be the edge 
set of G. Let S be a non-empty subset of V(G). G[S] denotes the subgraph of G 
induced by S. Let P(G; A) be the chromatic polynomial of G where the variable )L 
denotes the number of colors available to color the vertices of G. A graph G is 
chromatically unique if P(H; A) = P(G; A) implies that H is isomorphic to G. 
Let C,, (K,) denote the cycle (complete graph) on n vertices. Let W, (n 2 4) 
denote the join of C,_l and K1; W, is called the wheel on n vertices. In [6], Xu 
and Li proved that W,, for odd PZ 3 5, is chromatically unique. Also, they showed 
that W, is not chromatically unique. In [2], Chao and Whitehead showed that W, 
is not chromatically unique. In [5], Read found that W,, is chromatically unique 
via a computer investigation. Here, we prove mathematically that W,, is 
chromatically unique. 
A vertex v E V(G) is a cutvertex if its deletion from G results in a graph which 
has more components than G. A 2-connected graph does not contain any 
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cutvertices. A cycle on the vertices u,, uz, . . . , uk E V(G) is a pure cycle if 
G]{v 1, 212, . . , vk}] is the cycle itself. A wheel W,, is a pure wheel if its rim cycle 
(Cn-i) is a pure cycle. 
Theorem 1. The wheel W,,, is chromatically unique. 
Sketch of Proof. It is easy to factor P(W,o; A) as follows: 
P(W,,,; n> = A(n - l)(A - 2)(il- 3)[(il - 2)2 + l][(Jl - 2)4 + 11. 
Let G be a graph such that P(G; A) = P(WIo; A). By Theorems 7, 11, and 17 in 
Read [4], we have the following conditions: (1) G has 10 vertices, (2) G has 18 
edges, and (3) G has 9 triangles. By evaluating T(G; A) where P(G; )3) = (A - 1) 
T(G; A), at )3 = 1 and applying a theorem in Chao and Li [l], we obtain condition 
(4) G has no cutvertex since G is 2-connected. Since ?, - 4 does not divide 
P(G; A), we have condition (5) G has no KS subgraph. 
To prove condition (6) G has no separating edge, we assume that G consists of 
two subgraphs G, and G2 which overlap in a separating edge and consider two 
cases: (i) G, and G2 both contain odd cycles and (ii) only one of G, and Gz 
contain odd cycles. In both cases we reach a contradiction. 
In [3], Farrell derived formulas for the coefficients of hp-’ and ApP4 in P(H; A) 
where H is a graph with p vertices. Specializing these formulas to P(G; A) = 
P(W,(); A), we have 
fC1 = 2t,, (A) 
- 15t,, + 27t,, - tc, + C&, + 2t,, + 3t,, = 0 (B) 
where tC4, tK4j k5, tKz,, lx,, and tw, are the number of subgraphs of G which are 
pure quadrilaterals (C,), 4-vertex complete graphs (KJ, pure pentagons (C,), 
2-3-complete bipartite graphs (K2,3), 5-vertex wheels with one spoke deleted 
(X4), and 5-vertex wheels (lV5). Condition (7) is that G satisfies equations (A) 
and (B). 
To prove condition (8) G has no pure W’, subgraph, we assume that G contains 
a pure W, subgraph which implies that G contains a pure C4 subgraph and a K4 
subgraph by equation (A). By considering various ways that the kV5 and K4 
subgraphs can overlap, we obtain contradictions to conditions 1 through 7. 
Condition (9) is G has no K4 subgraph. By equation (A), condition 9 is 
equivalent to the statement G has no pure C4 subgraph. The proof of condition 9 
involves inequalities concerning the number of various pure subgraphs, equations 
(A) and (B), and condition 8. 
Condition (10) is G has no pure Cs subgraph. This condition is derived from 
conditions 7, 8, and 9. Building on the foundation of conditions 1 through 10, 
conditions (11) G has no pure C6 subgraph, (12) G has no pure C, subgraph, and 
condition (13) G has no pure Cx subgraph are proven. The proof of each of these 
conditions involves numerous cases which lead to contradictions. 
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To complete the proof of Theorem 1, we use an overlapping triangle argument, 
the fact that G is a 2-connected graph without a separating edge, and G satisfies 
conditions 1, 2, 9 through 13, to show that G is isorphic to W,,,. 
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